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Ring of Formal Power Series

We define a formal power series of a ring R to be the set
Rrrxss “

␣
ř

ně0 anx
n |an P R

(

. We define an addition and multiplication
operation on Rrrxss as follows:

Let fpxq “
ř

ně0 anx
n and gpxq “

ř

ně0 bnx
n. Then, we define

fpxq ` gpxq “
ÿ

ně0

pan ` bnqxn

where an ` bn is carried out in R.
Let fpxq “

ř

ně0 anx
n and gpxq “

ř

ně0 bnx
n. Then, we define

fpxq ¨ gpxq “
ÿ

kě0

˜

k
ÿ

i“0

aibk´i

¸

xk

where ai ¨ bk´i is carried out in R.
It turns out that R is a ring under the operations defined above.
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Units of Rrrxss

Proposition
An element fpxq P Rrrxss is a unit in R if and only if fp0q (the first term
of the power series) is a unit in R.

Proof.
If fp0q is not a unit, then: Let us assume that there is some g such that
fg “ 1 where fpxq “

ř8
i“0 aix

i and gpxq “
ř8

i“0 bix
i. Thus,

fpxqgpxq “

8
ÿ

k“0

˜

k
ÿ

i“0

aibk´i

¸

xk “ 1

Hence, a0b0 “ 1 and
řk

i“0 aibk´i “ 0 for all k ě 1. So, b0 “ a´1
0 . But, if

a0 is not a unit, its inverse does not exist. Contradiction. Thus, a0 must
be a unit.

Now, suppose that a0 is a unit. Then, we have b0 “ 1{a0. Now, when
k “ 1, we have a0b1 ` b0a1 “ 0. Thus, b1 “ ´ b0a1

a0
which clearly exists. By

induction, we can keep going on and find each such bi and hence the
corresponding gpxq required. Thus, an inverse power series exists.
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Composition of Power Series

Proposition
For fpxq, gpxq P Rrrxss, we have fpgpxqq P Rrrxss if and only if gp0q “ 0.

Example
Consider fpxq “ 1 ` x ` x2 ` ¨ ¨ ¨ in Zrrxss.

Consider gpxq “ 1. Then, clearly fpgpxqq “ fp1q “ 1 ` 1 ` ¨ ¨ ¨ which
does not make sense. Hence, fpgpxqq is not defined in this case.
Consider gpxq “ x2. Then, we have fpgpxqq “ 1`x2 `x4 ` ¨ ¨ ¨ which
is clearly an element of Rrrxss too.
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Multivariate Power Series

We now extend formal power series to multiplie variables.
We define Rrrx, yss to be pRrrxssqrryss

More generally, we define Rrrx1, . . . , xnss to be pRrrx1, . . . , xn´1ssqrrxnss

inductively.
By induction, one can see that if R is a ring, then Rrrx1, . . . , xnss is
also a ring.
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Polynomial Fields and Rational Functions

For some field k, we write krxs to denote the set of polynomials with
coefficients in k.

kpxq :“

"

gpxq

hpxq
| g, h P krxs, hpxq ‰ 0

*

Firstly, we explore the relation between kpxq, krxs and krrxss.
krxs Ă kpxq (set hpxq “ 1)
krxs Ă krrxss

If hp0q ‰ 0, then gpxq{hpxq can be expressed as a unique power series
tpxq P krrxss. This is called the power series expansion of gpxq{hpxq.
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The Coefficients of a Power Series Expansion

Proposition
If tpxq is the power series expansion of a rational function, then the
coefficients, an of tpxq satisfy a linear recursion. That is, there exists some
number m ě 1 and and constants c1, . . . , cm P k such that for all
sufficiently large n, we have

an “

m
ÿ

i“1

cian´i

Example
gpxq “ 2x ` 1 and hpxq “ x2 ` 1. Then,

gpxq

hpxq
“

2x ` 1

x2 ` 1
“ 1 ` x ` 2x ´ x3 ´ 2x4 ` x5 ` 2x6 ´ ¨ ¨ ¨

Notice how the terms of the power series are recursive.
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Proof

Proof.
Suppose we have tpxq “ gpxq{hpxq where tpxq is a power series and g, h
are polynomials in krxs. Therefore, we have gpxq “ tpxqhpxq. Now, gpxq

has finite degree and so does hpxq. However, tpxq is a power series and
need not have a finite degree. Let the degrees of hpxq, gpxq be m, k
respectively. Next, we evaluate the expansion of the product tpxqhpxq and
combine the terms of like degree. Now, for some n that is greater than
both m and k, we must have that the coefficient of xn is 0. Thus we get

anb0 ` ¨ ¨ ¨ an´mbm “ 0

for all n that is greater than both m and k. This gives us a linear
recurrence relation for an:

an “ ´
an´1b1 ` ¨ ¨ ¨ ` an´mbm

b0
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Coefficients

Now, the converse of the previous proposition also holds. That is, if the
coefficients of tpxq satisfy a linear recurrence relation, then tpxq is the
power series expansion of some rational function. This can be proven by
simply reversing the arguments of the converse.
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A Leftist Introduction

In our usual system we write numbers in the normal decimal system from
left to right. Let us explore a new number system. Let us instead write the
numbers from right to left. This is called as the leftist number system.
Here are some rules to follow:

Normally, we write a real number such as π as 3.141592 . . . . In the
leftist number system, rather than writing the three dots to the right, we
write the three dots to the left. For example, leftist 1 can be expressed
as ...0001.
The process of leftist addition and multiplication are similar to that in
the rightist system.

Example
Add . . . 9997 to . . . 0003. Multiply ...6667 with ..003. Multiply ...00624
with ...0625.
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Some Leftist Properties

Negative numbers in the rightist system can be represented as a leftist
number without adding a negative sign. For example, rightist ´3 is
leftist ...9997.
Rational numbers in the rightist system can be represented as a leftist
number without adding a division sign. For example, 1{3 “ ...6667.
Leftist numbers in normal decimal system(base 10) have zero divisors.
In other words, we can find two non-zero leftist numbers in base 10 that
multiply to give 0. An example is ...90625 and ...90624.
Normally, the decimal expansion of a real number such as 1234 is

1 ˆ 103 ` 2 ˆ 102 ` 3 ˆ 10 ` 4

similarly, we can expand the leftist number ...1234 as:

¨ ¨ ¨ ` 1 ˆ 103 ` 2 ˆ 102 ` 3 ˆ 10 ` 4

where the expansion continues indefinitely to the left.
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Leftists in Other Bases

Now, instead of using base-10, we can use some other base, say p where p
is a prime. In base 3, ...0112 is a leftist number which can be represented as

¨ ¨ ¨ ` 2 ˆ 32 ` 1 ˆ 3 ` 2

Now, consider the set of all leftist numbers in base p. That is, the set of all
numbers of the form

x0 ` x1p ` x2p
2 ` ¨ ¨ ¨
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The p-adic Integers

We can rewrite this series as a sequence of partial sums as follows:

x0 ` x1p ` x2p
2 ` ¨ ¨ ¨ Ñ px0, x0 ` x1p, x0 ` x1p ` x2p

2, . . . q

Now, let a1 “ x0, a2 “ x0 ` x1p, . . . . We call this set Zp “ pa1, a2, ...q,
the p-adic integers. Notice that:

For all i, we have ai P Z{piZ since xi P Z{pZ, where Z{pZ is the ring
of integers modulo p.
For every k, we have ak`1 ” ak pmod pkq since all terms up to pk are
the same.

We will see later why this sequencial definition of Zp is needed to make
things simpler, rather than just calling Zp as the set of all leftist numbers.
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The Ring of Zp

Recall that the set of leftist numbers had an addition operation. We define
an equivalent addition operation on our alternative definition of Zp as done
in the previous slide. Take a “ pa1, a2, . . . q and b “ pb1, b2, . . . q. We
define addition and multiplication as follows:

a ` b “ pa1 ` b1, a2 ` b2, . . . q

ab “ pa1b1, a2b2, . . . q

Example
Convince yourself that the operations defined above are equivalent to the
operations defined on the set of leftist numbers of base p.
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Properties of Zp

Zp forms a ring and has no zero divisors. Moreover, Z Ă Zp.
An element a of Zp is a unit if and only if a1 ı 0 pmod pq.
We say a ” b pmod pkq if ai “ bi for all 1 ď i ď k.
Every element of Zp can be expressed as a “ pku where k is a nonneg-
ative integer and u is a unit.
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Hensel’s lifting Lemma

Proposition
Let fpxq be a polynomial with coefficients in Zp. Let a1 P Z{pZ so that
fpa1q ” 0 pmod pq and f 1pa1q ı 0 pmod pq. Then, there exists a unique
a P Zp such that a ” a1 pmod pq and fpaq “ 0.

Example
Let fpxq “ x3 ´ 3. Then, fp2q “ 5 ” 0 pmod 5q say “ 5k and
f 1p2q ” 3p2q2 ” 2 ‰ 0 pmod 5q. So we can apply hensel lemma that
implies the existence of a2 “ 5m ` 2 such that fpa2q ” 0 pmod 25q. The
proof of hensel’s lemma gives us the unique value of m “ ´kpf 1pa1qq´1. In
this case k would be 1 and pf 1pa1qq´1 “ 3. So a2 “ 12. Indeed by
inspection we can see fp12q ” 0 pmod 25q
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Expansion of leftist number in reals

Example
Evaluate the leftist number ...222 of base 3 in the reals.

Sol.
We have ...222 ` ...001 “ ...000 by performing addition. Thus,
.the..222 “ ´1.

Now, we may also write ...222 “ 2 ` 2 ˆ 3 ` 2 ˆ 32 ` 2 ˆ 33 ` ¨ ¨ ¨ . If we
use the formula for an infinite geometric progression, we get

...222 “
2

1 ´ 3
“ ´1

which gives the correct answer. However, the geometric series formula is
only valid when |r| ă 1. Yet, we arrived at the correct answer by
substituting r “ 3.
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Leftist Convergence

Notice that series that do not normally converge, such as 2 ` 2 ˆ 3 ` ¨ ¨ ¨ ,
converge in the leftist numbers. Therefore, it is safe to conclude that the
"`" operation that is being performed is not being performed in R. We
must therefore come up with some other system of numbers in which series
such as the one above converge.
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Constructing the p-adic Numbers

In order to deal with the problem explained in the previous slide, we now
construct a new number system, called the p-adics, which we will denote by
Qp. Now, notice that any rational number can be expressed as a leftist
number. Therefore, Q is contained in Qp. This gives us an idea: Can we
construct Qp from Q? Can we do it in the same way that we construct R
from Q? How do we do so? Following is how R is constructed from Q.

A Cauchy sequence is a sequence of rational numbers pxnq so that the
absolute value of the difference between the terms approaches 0. In
other words, as m,n Ñ 8 we have |xn ´ xm| Ñ 0. In other words, a
Cauchy sequence is a sequence of rational numbers which we want to
converge in our to be defined system, R.
Now take the set of Cauchy sequences, S. For each element of S, find
the limit of each sequence.
The set of these limits is R.
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p-adic Absolute Value

We can similarly construct Qp from Q as well. But there is a major
difference. Consider the previous example of the leftist number
2 ` 2 ˆ 3 ` ¨ ¨ ¨ in base 3. This converges to ´1 when evaluated in base 3.
However, it is very obvious to see that under the normal absolute value,
this sequence, i.e. p2, 2 ` 2 ˆ 3, . . . q is not a Cauchy sequence. Thus, in
order to define Qp in the way we defined R from Q, we need to define a
new notion of the absolute value.

Definition
We define vppaq where a is an integer to be the highest power of p that
divides a. We define vppqq where q is a rational number of the form a{b to
be vppaq ´ vppbq.

Definition
We define the p-adic absolute value of a rational number q to be
|q|p “ p´vppqq.
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What does |¨|p Measure?

Notice that the newly defined p-adic absolute value measures inversely, the
size of the power of k in the rational number. That is to say, if the power
of p is high, then the number is p-adically small and if the power is small,
the number is p-adically small. To make sense of this, we can think of the
p-adic absolute value as something that measures up to what degree two
rational numbers are equal. If we take the two rationals modulo pk for each
k, the two rational numbers are closer if they start to differ at a higher
power k.
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The Ultrametric

The p-adic absolute value satisfies the following properties:
|q|p ě 0. Equality occurs if and only if q “ 0

|qr|p “ |q|p |r|p
|q ` r|p ď |q|p ` |r|p

Notice how all these properties are satisfied by the absolute value in the
reals too. Functions that satisfy the above are known as metrics (of a given
space, which is Q in this case). However, there is one major difference
between the p-adic metric and the absolute value:

|q ` r|p ď max p|q|p , |r|pq

A metric satisfying the above is called an ultrametric. This property leads
to huge differences between the reals and the p-adics. An example which we
will see later is that this leads to a much simpler condition for convergence
in Qp than in R, where we have multiple different convergence tests.
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The p-adic Numbers

We define the p-adic numbers, similar to the reals as follows:
A p-adic Cauchy sequence is a sequence such that the p-adic absolute
value of higher terms get closer to each other.
Now take the set of p-acid Cauchy sequences, Sp. For each element of
Sp, find the limit of each sequence.
The set of these limits is Qp.
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The p-adic Integers Revisited

We define the p-adic integers Zp to be

Zp :“ ta P Qp | |a|p ď 1u

Example
Prove that the above definition of Zp is equivalent to the previous
definition of Zp as a sequence (Hint: Use the leftist numbers).
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Sequences in Qp

We can extend the p-adic absolute value to elements of Qp itself. Let
paiq be a sequence so that a “ limnÑ8 an P Qp. Then, we define the
p-adic absolute value of a to be the limit of the p-adic absolute value
of an as n goes to infinity. This turns out to be well defined.
From this, we can show that a sequence panq where an P Qp converges
in Qp if and only if the sequence p|an|pq converges in R. Moreover, the
absolute value of the limit of panq equals the limit of the absolute value
of an. That is, |limnÑ8 an|p “ limnÑ8 |an|p.
Another property is that the series

ř

ně0 an converges if and only if the
sequence panq converges to 0.

Achyut, Swayam, Krittika, Lex Artin-Hasse Exponential Jun 16, 2023 29 / 41



Power Series in Qp

Recall that we can have a power series over any ring R. Since Qp is a ring,
we can have one over Qp too. Call it Qprrxss.

We say that the power series fpxq “
ř

ně0 anx
n converges at t P Qp

if the series
ř

ně0 ant
n converges in Qp.

The series converges if and only if |antn|p converges to 0 in R.
We define the radius of convergence of a power series in Qp to be the
positive real r so that for all c ă r we have |an|p cn converges to 0 and
for all c ą r the same sequence diverges. This can be thought of as
the largest p-adic absolute value for which all p-adic absolute value less
than r, the series diverges.

The radius of convergence is given by r “
`

lim sup an
1{n

˘´1
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From Power Series to Functions

We define discs as follows:
Open disc: The open disc of radius r centered at a is defined to be
D pa; r´q :“ tz P Qp | |z ´ a|p ă ru

Closed disc: The closed disc of radius r centered at a is defined to
be D pa; rq :“ tz P Qp | |z ´ a|p ď ru

We have also shown that the open disc is a closed set, likewise for the
closed disc is an open set. (Hint: Pick a boundary point in the open disc,
and observe the relation with the non-archimedean inequality, and see if
you can still apply the same argument for the closed disc). Now, we can
define a function

f : D
`

0; r´
˘

Ñ Qp

which evaluates to

lim
nÑ8

˜

ÿ

ně0

anx
n

¸

for any x in the respective domain.
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Continuity of fpxq

The function, f : Dp0; r´q Ñ Qp is continuous. In other words, for every
y P Qp and s P Rą0 such that the preimage of Dpy; s´q under f is a union
of open discs. Which is given by,

f´1pDpy; s´qq “ ta P Dp0; r´q|fpaq P Dpy; s´qu

For a sketch-proof, fix an element of the preimage of Dpy; s´q under f ,
and see the relation with convergence in Qp. Hence we have,

f´1pDpy; s´qq “
ď

|t|păr

Dpt; r´q
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Exponentiation in Qp

We want to define an exponential function in Qp similar to ex in R. In
order to do so, recall the power series of ex in R. We have

ex “
ÿ

ně0

xn

n!

We similarly define exppxq in Qp as the following power series

exppxq “
ÿ

ně0

xn

n!

The exppxq function in Qp behaves differently from that in R in several
ways. As an example, the radius of convergence of exppxq in Qp is not
infinity. We have proven that the radius of convergence of exppxq is
p´1{pp´1q in Qprrxss. (Hint: Observe the relation of vppn!q with the digits
of n over base p)

Achyut, Swayam, Krittika, Lex Artin-Hasse Exponential Jun 16, 2023 33 / 41



Properties of exp

Some properties of exp remain the same in Qp, while some other differ:

The domain of exppxq is D
´

0;
`

p´1{pp´1q
˘´

¯

. Note how this differs
from the domain of exp in R which is the whole of R.
exppa ` bq “ exppaq ¨ exppbq

exppaqn “ exppnaq

@x, y P D
´

0;
`

p´1{pp´1q
˘´

¯

, |exppxq ´ exppyq|p “ |x ´ y|p. Observe
how this is neater than in R. This property does not hold in R.
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Logarithms in Qp

We define the logarithm power series as follows:

logp1 ` xq “
ÿ

ně1

p´1qn`1x
n

n

replicating the power series expansion of log in the reals. The radius of
convergence of this series turns out to be 1. Moreover, when |1 ` x|p “ 1,
the series converges as well. Thus, the domain will be D p1; 1´q. This can
also be expressed as 1 ` pZp.
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Properties of the Logarithm

The domain of logpxq is 1 ` pZp

logpabq “ logpaq ` logpbq

logpanq “ n logpaq
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Logarithm as an Inverse of Exponentiation

We see that when s P D
´

0;
`

p´1{pp´1q
˘´

¯

we have

exppsq P D

ˆ

1;
´

p´1{pp´1q
¯´

˙

which is a subset of D p1; 1´q. Hence, the composition of log and exp
exists.
Moreover, logpexppsqq “ s for all s P D

´

0;
`

p´1{pp´1q
˘´

¯

.

When s P D
´

1;
`

p´1{pp´1q
˘´

¯

we have logpsq P D
´

0;
`

p´1{pp´1q
˘´

¯

.
Hence the composition of exp and log exists.

Moreover, expplogpsqq “ s for all s P D
´

0;
`

p´1{pp´1q
˘´

¯

.

This shows that log and exp are inverse functions of each other. However,
note that they are inverses only when s is in a specific local range, unlike in
R, where they are inverses of each other for all of R.
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Artin-Hasse Exponential Function

The Artin-Hasse Exponential is defined as follows:

Epxq “ exp

˜

ÿ

ně0

xp
n

pn

¸

While the above exponential seems random, it turns out that this
exponential has some interesting properties. One such is the fact that
Epxq P Zprrxss. That is, Epxq turns out to be a power series in Zp! This
property is known as integrality. In order to prove this, we need the
following Lemmas (one of which is Dwork’s Lemma):

Lemma (Dwork’s lemma)
Let fpxq P 1 ` xQprrxss be a formal power series with p-adic rational
coefficients. Then fpxq P 1 ` xZprrxss ðñ

fpxpq

fpxqp
P 1 ` pxZprrxss
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Artin-Hasse Exponential Function

Lemma
expp´pxq P 1 ` pZprrxss

Lemma
Epxpq

Epxqp
“ expp´pxq

These 3 Lemmas imply that Epxq P Zprrxss.

Proposition
The radius of convergence of Epxq is 1

For fun, if we have a finite extension of Qp, say Qpp
?

´pq, does Ep
?
pq

converges? Ep 1?
pq converges? What do you think will be the radius of

convergence of Epxq in Qpp
?

´pq be?
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Research Part of Artin-Hasse Exponential Function

Theorem (Lindemann)
Let α P C be algebraic ùñ exppαq is transcendental. True for α P Zp in
the domain of the p-adic exponential.

It is not known if it is also true or false for Epxq! Now, let’s reduce Epxq

mod p, and get Eppxq P Fprrxss. Let Fppxq be the field of rational
functions over p, then it is not known whether Epxq is algebraic over
Fppxq. One motivation to prove this is the following theorem:

Theorem (Christol, 1979)
A formal power series fpxq “

ř

ně0 bnx
n P Fqrrxss is algebraic over Fqpxq

(field of rational functions) ðñ pbnq is a q-automatic sequence.

Can you create a p-analogue for this q-automatic sequence from Christol?
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Research Part of Artin-Hasse Exponential Function

Let Qp denote the algebraic closure of Qp. The algebraic closure of a field
is an extension of the field in which every polynomial equation with
coefficients in the field has a root in the extension. In simple terms, it adds
all the missing algebraic solutions to polynomial equations.

We have the following theorem:

Theorem (Baker)

Let λ P C be non-zero such that exppλq P Qp. Then for any pair of
rational numbers pa, bq, not both zero, we have a ` bλ ą H´C (for some
constant C, and H is the max height of pa, bq)

The challenge is to formulate a p-analogue of this theorem.
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